Abstract. Let F be a finite field. We prove that the cohomology algebra H
Introduction
Right-angled Artin groups -RAAGs for short -are a combinatorial construction that has played a prominent role in geometric group theory in the last decades. A RAAG is defined by a presentation where all relations are commutators of weight 2 of the generators, which comes equipped with a combinatorial graph whose vertices are the generators, and two vertices are joined by an edge whenever they commute. RAAGs may seem the most elementary class among Artin groups, yet such groups have surprising richness an flexibility, and this led to some remarkable applications. (For an overview on RAAGs we refer to [1] .)
In the present paper we investigate enhanced Koszul properties for the cohomology of finitely generated RAAGs. It is well known that the cohomology algebra H • (G Γ , F) = n≥0 H n (G Γ , F) of a RAAG G Γ with associated graph Γ, with coefficients in a finite field F (considered as trivial G Γ -module) and endowed with the graded-commutative cup-product
thanks to the work of L. Positselski, especially in connection with the celebrated Bloch-Kato conjecture (see, e.g., [22, 24, 25] ). In particular, Positselski conjectured that the F p -cohomology algebra of a maximal pro-p Galois group G K is Koszul, and this was shown to be true in some relevant cases (cf. [18, 23, 28] ).
More recently, in [17] J. Mináč et al. conjectured that F p -cohomology algebra of a maximal pro-p Galois group G K is universally Koszul, and proved this in some cases.
Conjecture 1.3. [17, Conj. 2] Let K be a field containing a root of 1 of order p, and suppose that G K is finitely generated. Then the F p -cohomology algebra of G K is universally Koszul.
From the pro-p version of Theorem 1.2 one deduces the following Galoistheoretic result. Corollary 1.4. If a pro-p RAAG G Γ has universally Koszul F p -cohomology, then there exists a field K containing a root of 1 of order p such that G Γ ≃ G K .
On the other hand, if a pro-p RAAG G Γ associated to a graph Γ without the diagonal property occurred as the maximal pro-p Galois group G K for some field K containing a root of 1 of order p, this would give a counterexample to Conjecture 1.3 by Theorem 1.2.
In fact, if Γ contains a square as a full subgraph, then one knows that G Γ ≃ G K for any field K containing a root of 1 of order p (cf. [27, Thm. 5.6]); whereas if Γ contains a path of length 3 as a full subgraph, then the pro-p RAAG G Γ is conjectured not to occur as the maximal pro-p Galois group G K for any such K. Therefore, the pro-p version of Theorem 1.2 is not expected to contradict Conjecture 1.3.
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Quadratic algebras and Koszul properties
A graded algebra over a field F is a graded associative algebra A • which decomposes as direct sum of vector spaces n∈Z A n such that A n · A m ⊆ A m+n . Hereinafter every graded algebra A • is assumed to satisfy the following conditions: A n = 0 for n < 0, A 1 = F, dim(A n ) < ∞; and F is always assumed to be a finite field.
For a subset S of A • , (S) denotes the two-sided ideal of A • generated by S. Moreover, A + denotes the augmentation ideal n≥1 A n of A • . Finally, if S is a subset of a vector space V , then S denotes the vector subspace generated by S.
2.1.
Quadratic algebras and Koszul algebras. For a vector space V let T • (V ) = n≥0 V ⊗n denote the tensor algebra generated by V . A graded algebra A • is called quadratic if there exists an isomorphism of graded algebras
for some vector space V and some subspace Ω ≤ V ⊗ V . We write
An ideal I A • inherits the grading from A • , i.e.,
In particular, A + = n≥1 A n is the augmentation ideal of A • . We do not give the formal definition of Koszul algebra -for which we direct the reader to [21, Ch. 2] and to [18, § 2] -, as it is rather technical and it is not required for our investigation. 
(b) The wedge product (or skew-symmetric tensor product) of A • and B • is the quadratic algebra
where
If both A • and B • are Koszul, then also their direct product and wedge product are Koszul (cf. [21, § 3.1]).
Enhanced Koszul properties.
Let A • be a graded algebra. For two ideals I, J of A • , the colon ideal I : J is the ideal
In particular, if I = (0), then one has
Note that for every ideals I, J of A • , one has I ⊆ I : J and Ann(J) ⊆ I : J. Following [17, § 2.2], we define the following three "enhanced versions" of the Koszul property: strong Koszulity, universal Koszulity, and the PBW property. (See [4, 12] for the original definition of the strong Koszulity property in commutative algebra.)
For a quadratic algebra A • , let
denote the set of all ideals of A • generated by a subset of A 1 . In particular, both the trivial ideal (0) and the augmentation ideal A + belong to L(A • ). (See [3, 5] for the original definition of the universal Koszulity property in commutative algebra.) Finally, one has also the notion of PBW generators of a quadratic algebra, -introduced in [21, Ch. 4 ] -which generalizes the notion of G-quadratic commutative algebra (cf. [2] ). A quadratic algebra A • = Q(V, Ω) is called a PBW quadratic algebra if it admits generators for which the non-commutative Gröbner basis of relations consists of elements of degree two (see [15, § 4.3] and [17, Def. 8] ). Namely, consider the lexicographical order ≺ on the set of multi-indices of length n -i.e., (i 1 , . . . , i n ) ≺ (j 1 , . . . , j n ) if, and only if, there
Let {v 1 , . . . , v d } be a basis of V . Then there exists S ⊆ {1, . . . , d} 2 such that the relations in Ω can be written in the form
Definition 2.7. Given A • and S as above, set S (0) = {∅}, S (1) = {1, . . . , d}, and
} is a basis of A n for every n ≥ 0. Such a quadratic algebra is called a PBW-algebra.
A PBW algebra is Koszul (cf. [21, Thm. 3.1]). These "enhanced Koszulity" properties are independent to each other, namely, none implies any other. On the other hand, if a quadratic algebra has one of these properties, then it is Koszul. Altogether, one has the following picture (cf.
PBW ! ) ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ Strong K.
3. Right-angled Artin groups 3.1. Graphs. For the notion of graph we follow [6, Ch. 1 ]. An (undirected, simple) graph is a pair Γ = (V, E) of sets such that E ⊆ [V] 2 , i.e., the elements of E are 2-element subsets of V, which we shall denote by (v, w) = (w, v), with v, w ∈ V. The elements of V are the vertices of the graph Γ, the elements of E are its edges. Moreover, we assume all graphs to have no loops, i.e., (v, v) / ∈ E for any v ∈ V. A graph Γ = (V, E) is said to be finite if it has finite vertices.
Henceforth every graph will be assumed to be undirected, simple, and finite. Here we list some definitions regarding graphs which will be used hereinafter.
, if two vertices of V ′ are joined by an edge of Γ, then they are joined by an edge also in Γ ′ . (iv) For n ≥ 1, a n-clique Γ ′ of Γ is a full subgraph Γ ′ of Γ with n vertices which is a complete graph.
and n is the length of P . A path is a cycle if v = w.
3.2.
RAAGs and cohomology. Let Γ = (V, E) be a graph, with vertices
The right-angled Artin group associated to Γ is the group G Γ with presentation
The following is a well known result on RAAGs.
Lemma 3.2. Let Γ be a graph, and suppose Γ decomposes in connected components Γ 1 , . . . , Γ r . Then the RAAG G Γ decomposes as free product
, where V is the space generated by V op = {a i , . . . , a d } and
is a quotient of the exterior algebra Λ • (V ). While working with the algebra Λ • (Γ op ) we will omit the tensor product ⊗ (and the wedge product ∧) to denote the product of two elements, and we will just write ab for the product of a and b. (This algebra is sometimes called a Cartier-Foata algebra.) The result of R. Fröberg [13] implies that Λ • (Γ op ) is Koszul for any graph Γ.
The following result describes the F-cohomology algebra of a RAAG (see also [35 
Thus, if a graph Γ decomposes into connected components Γ 1 , . . . , Γ r , then the F-cohomology algebra of the RAAG G Γ decomposes as direct product of quadratic algebras
3.3. RAAGs of elementary type. By Lemma 3.2, the free product of two RAAGs G Γ 1 * G Γ 2 is the RAAG with the disjoint union of Γ 1 and Γ 2 as associated graph. Analogously, the direct product G Γ × Z of a RAAG G Γ with Z is isomorphic to the RAAG GΓ whereΓ is the cone graph with basis Γ, i.e.,
For the following definition we mimic the definition of elementary type pro-p groups, defined by I. Efrat (cf. [9, § 3]) Definition 3.5. The class of RAAGs of elementary type is the minimal class C of finitely generated RAAGs such that (a) Z (considered as RAAGs with associated graph a single vertex) belongs to C;
In other words, RAAGs of elementary type are precisely the RAAGs whose associated graphs are constructible starting from the graph with a single vertex, via the following operations: disjoint union of graphs; and cones. Let C 4 and P 4 denote the cycle of length 4 and the path (non-cycle) of length 3 respectively, namely,
and
A graph Γ is said to have the diagonal property if it does not contain a full subgraph isomorphic to C 4 or P 4 . By the work of E.S. Wolk [36] , one has the following characterization of RAAGs of elementary type.
Proposition 3.7. Let G Γ be a RAAG with associated graph Γ. Then G Γ is of elementary type if, and only if, Γ has the diagonal property.
Moreover, by [8] , every subgroup of a RAAG G Γ is again a RAAG if, and only if, Γ has the diagonal property. In particular, every subgroup of a RAAG of elementary type is again a RAAG of elementary type.
RAAGs and enhanced Koszul properties
Let Γ = (V, E) be a graph, with V = {v 1 , . . . , v d }, and set V op = {a 1 , . . . , a d }.
Since the product in Λ • (Γ op ) is graded-commutative, every ideal in Λ • (Γ op ) is two-sided.
Given indices 1 ≤ i 1 < . . . < i n ≤ d, one has a i 1 · · · a in = 0 if, and only if, there is a n-clique Γ ′ of Γ such that V(Γ ′ ) = {v i 1 , . . . , v in }. In particular, Λ n (Γ op ) = 0 if there are no n-cliques in Γ -which is always the case if n > d.
Thus, for every n ≥ 1 the set
is in 1-to-1 correspondence with the set of all n-cliques of Γ, and it is a basis of
corresponds to the vertices of the n-clique of Γ associated to ∆.
Lemma 4.1. For a graph Γ, let S be a subset of V op and let I Λ • (Γ op ) be the ideal generated by S. Then I n is the subspace of Λ n (Γ op ) generated by
Proof. We proceed by induction on n. If n = 1 then B(S) n = S. If n ≥ 2, then by induction one has
and thus I n = B(S) n .
From the above description of Λ • (Γ op ) one deduces easily the following.
. . < i n ≤ d} for every n ≥ 1. Then one may write the relations of A • as a j a i = αa i a j , with i < j and α = −1 if (v i , v j ) ∈ E and α = 0 otherwise (and moreover a 2 i = 0 for all i). So, the sets S (n) are as in Definition 2.7. Thus, the set ∈ (a i 1 , . . . , a i r−1 )}.
Moreover, set S ′′ = {a j ∈ V op | a j a ir = 0} and
. . , i r−1 } and a j a ir = 0} .
Note that a ir ∈ S, as a 2 ir = 0. In particular, a ir a j ∈ I if, and only if, a j ∈ S, as B 2 is a basis of A 2 . Hence, S ⊆ J 1 , and I ⊆ (S) ⊆ J. We claim that the ideals (S) and J coincide.
Let b ∈ A • be such that b / ∈ (S). Thus, one may write
where ∆ h ∈ B n h for each h ∈ {1, . . . , m}. By Lemma 4.1, ∆ h ∈ (S) -respectively ∆ ∈ (S ′ ) = I, ∆ ∈ (S ′′ ) -if, and only if, the intersection of V(∆) with S -respectively with S ′ and with S ′′ -is not empty. Since b / ∈ (S), one has ∆ h / ∈ B(S) n h for some h in (4.1), and in this case a ir · ∆ h = 0. Therefore, one obtains
where a ir ∆ h ∈ B n h +1 B(S) n h +1 and a ir ∆ h = a ir ∆ h ′ for every ∆ h , ∆ h ′ / ∈ (S), h ′ = h. (Note that if ∆ h ∈ B(S ′′ ) n h then a ir ∆ h = 0.) Consequently, the rightside summand of (4.2) is not trivial, and by Lemma 4.1 it does not lie in I, whereas the left-side summand lies in I, so that a ir b / ∈ I. Therefore, b / ∈ J, and this proves the inclusion J ⊆ (S). Suppose first that Γ has the diagonal property. We proceed by induction on
, which is universally Koszul. If d = 2 then either A • is the exterior algebra generated by V , or it is the trivial algebra generated by V , with V a space of dimension 2, so that it is universally Koszul. If d ≥ 3, then either Γ decomposes as disjoint union of two proper full subgraphs Γ 1 and Γ 2 , or it is the cone graph with basis a full subgraphΓ. In the former case, both Λ • (Γ 
2 ) is universally Koszul by Proposition 4.5; in the latter case one has
and Λ • (Γ op ) is universally Koszul by induction, so that also A • is universally Koszul by Proposition 2.6. Suppose now that Γ does not have the diagonal property. Thus, Γ contains a full subgraph Γ ′ isomorphic to and a 2 a 3 ∈ J 2 . We claim that a 2 a 3 / ∈ J 1 · A 1 , i.e, a 2 a 3 does not lie in the ideal generated by J 1 , so that J / ∈ L(A • ). Clearly, a 2 , a 3 / ∈ J 1 , as ba 2 = a 1 a 2 = 0 and a 3 b = a 3 a 4 = 0. Suppose there exist c 1 , . . . , c r ∈ J 1 and c ′ 1 , . . . , c ′ r ∈ A 1 such that c 1 c ′ 1 + . . . + c r c ′ r = a 2 a 3 , and write
. . , r}, with α i,h , β i,h ∈ F. Since c h ∈ Ann(b) for every h, one has α 2,h = α 3,h = 0, otherwise bc h = α h,2 a 1 a 2 − α h,3 a 3 a 4 + ∆, with ∆ ∈ A 2 a combination of elements a i a j with i < j, (1, 2), (3, 4) = (i, j), and bc h = 0 as In the following two examples we show explicitly that Λ • (Γ op ) is universally Koszul for two graphs with the diagonal property, without using Proposition 2.6. Example 4.7. Let Γ = (V, E) be a star graph with V = {w, v 1 , . . . , v d } and
A n = 0 for n ≥ 3.
In particular, a i a j = 0 for all i, j. For I ∈ L(A • ) and b ∈ A 1 I 1 , write b = α w a w + i α i a i , with α w , α i ∈ F. Set J = I : (b). Then b ∈ J, and moreover
and thus a i ∈ J 1 . In this case, a w a i ∈ A 1 · J 1 ⊆ J 2 for all i, and therefore
Example 4.8. Let Γ be the graph
Without loss of generality we can suppose that either b = a 2 (if (Ann(b)) 1 has dimension 1) or b = a 3 (if (Ann(b)) 1 has dimension 2), by performing a change of basis for A 1 inducing an automorphism of A • . For I = L(A • ) such that b / ∈ I 1 , set J = I : (b), and K = Ann(b) ⊆ J. In both cases one has K 3 = J 3 = A 3 , whereas K 1 = b and K 2 = ba 0 , ba 1 , ba 3 , for b = a 2 , and K 1 = a 1 , a 3 and 0 a 1 , a 0 a 3 , a 1 a 2 , a 2 a 3 , for b = a 3 . Moreover,
Suppose now that I = (0). Then either dim(I 3 ) = 1 or dim(I 3 ) = 2. In particular, dim(I 3 ) = 1 if, and only if, I = (b ′ ) for some b ′ ∈ a 1 , a 3 ; whereas dim(I 3 ) = 2 if, and only if, either I = (b ′ ) for some b ′ / ∈ a 1 , a 3 , or dim(I 1 ) ≥ 2. Altogether, one has the following cases:
(a) Suppose dim(I 3 ) = 1. If b = a 3 , we may assume without loss of generality
, then one has two further subcases. If dim(I 1 ) = 1, then one may find
. On the other hand, if dim(I 1 ) ≥ 2 and J 1 does not contain an element b ′′ as above, then necessarily a 1 , a 3 ∈ J 1 ; in both cases a 0 a 1 , a 0 a 3 ∈ (J 1 ) and
In every case one has J ∈ L(A • ).
Pro-p groups
5.1. Right-angled Artin pro-p groups. Fix a prime number p, and let F p be the finite field with p elements. For a pro-p group G, we consider F p as continuous trivial G-module. The continuous cochain cohomology algebra
of G with coefficients in F p , endowed with the graded-commutative cup-product, is a graded F p -algebra. In particular, one has isomorphisms of p-elementary abelian groups Given a graph Γ we call the pro-p completion G Γ of the RAAG G Γ a pro-p RAAG with associated graph Γ. Pro-p RAAG behave pretty much like abstract RAAGs (see, e.g., [14] ). In particular, one has the following result by K. Lorensen (cf. [16, Thm. 2.6] ).
Moreover, one has the "pro-p equivalent" of Lemma 3.2 and of (3.1), namely, if a graph Γ decomposes into connected components Γ 1 , . . . , Γ r , then the pro-p RAAG G Γ decomposes as free pro-p product G Γ ≃ G Γ 1 * p · · · * p G Γr , where * p denotes the free product in the category of pro-p groups (see [30, § 9 .1]), and the F p -cohomology algebra of G Γ decomposes as direct product of quadratic algebras
. Thus, one may extend Theorem 1.1 and Theorem 1.2 to the class of pro-p RAAGs.
Theorem 5.2. Let Γ be a graph and G Γ the associated pro-p RAAG.
( F) is strongly Koszul and PBW.
(ii) The F p -cohomology algebra H • (G Γ , F) is universally Koszul if, and only if, Γ has the diagonal property.
A class of pro-p groups which are very similar to pro-p RAAGs is the class of generalized pro-p RAAGs, introduced and studied in [29] . Given a graph Γ = (V, E), a generalized pro-p RAAG with associated graph Γ is a pro-p group G generated by V = {v 1 , . . . , v d } and with defining relations
. Namely, one has a presentation (of pro-p group)
A priori, a generalized pro-p RAAG may have F p -cohomology algebra which is not quadratic -e.g., a generalized pro-p RAAG may be a finite group, see [29, Ex. 5.16] 
Then G is a generalized pro-p RAAG with associated graph a star graph Γ with center w. Thus, by [29, Thm. F] one has
, which is strongly and universally Koszul, and PBW.
Example 5.5. Let G be the pro-p group with presentation
with i = 1, . . . , 4, and α i , β i , α ′ i , β ′ i ∈ p ǫ Z p , where ǫ = 1 if p > 2, ǫ = 2 otherwise. Then G is a generalized pro-p RAAG with associated graph
The graph Γ is the cone graph with basis the full subgraph with vertices v 1 , . . . , v 4 , and it has the diagonal property. By [29, § 5.6] , one has
which is strongly and universally Koszul, and PBW.
Example 5.6. Let G be the pro-p group with presentation
The graph Γ does not have the diagonal property. By [29, § 5.6] , one has
, which is strongly Koszul and PBW, but not universally Koszul.
One may find a further classes of pro-p groups whose F p -cohomology algebras are both strongly and universal Koszul. A finitely generated pro-p group is called uniform if it is torsion-free and Φ(G) ⊆Ḡ p ǫ , whereḠ pǫ denotes the closed subgroup of G generated by the p ǫ -powers of elements of G, where ǫ = 1 if p > 2 and ǫ = 2 otherwise (cf. [7, § 4.1] ). For these pro-p groups one has the following.
Proposition 5.7. Let G be a uniform pro-p group. Then the cohomology F palgebra H • (G, F p ) is strongly and universally Koszul, and PBW.
The claim follows from Theorem 4.3 and Theorem 4.6.
5.2.
Maximal pro-p Galois groups. In this subsection K will denote a field containing a root of 1 of order p. By the positive answer to the Bloch-Kato conjecture given by M. Rost and V. Voevodsky (cf. [31, 33, 34] ), one knows that the maximal pro-p Galois group G K of K has quadratic F p -cohomology algebra (see, e.g., [27, § 2] ). In [17] it is conjectured that G K has universally Koszul F p -cohomology algebra (cf. Conjecture 1.3).
Proposition 5.8. If Γ is a graph with the diagonal property, then for any prime p the pro-p RAAG G Γ associated to Γ occurs as the maximal pro-p Galois group G K for some field K containing a root of 1 of order p.
Proof. If a finitely generated pro-p group G occurs as the maximal pro-p Galois group G K for some field K containing a root of 1 of order p, then one has G ×Z p ≃ G K((X)) , with K((X)) the field of Laurent series in one indeterminate X with coefficients in K. In particular, Z p = {1} × Z p ≃ G K((X)) with K a p-closed field (i.e., G K = {1}). On the other hand, if two finitely generated pro-p groups G 1 , G 2 occur as maximal pro-p Galois groups, then also their free product is realizable as the maximal pro-p Galois group for some field K (cf. [9, Rem. 3.4 
]).
We proceed by induction on the number d of vertices of Γ. If Γ has the diagonal property, then G Γ is constructible starting from free abelian pro-p groups by operating direct product with Z p and free products. Let C 4 and P 3 be as in (3.2) . Then the pro-p RAAG G C 4 associated to C 4 is isomorphic to the direct product F × F, with F a 2-generated free pro-p group. By [27, Thm. 5.6 ], G C 4 -and therefore also any other pro-p RAAG G Γ with Γ containing C 4 as full subgraph, -is not realizable as the maximal pro-p Galois group G K for any K. Moreover, Th. Weigel and the authors conjecture that the pro-p RAAG G P 3 is not realizable as the maximal pro-p Galois group G K for any K as well. Theferore, Theorem 5.2 (ii) is not expected to contradict Conjecture 1.3 -in fact, Conjecture 1.3 gives a hint that G P 3 "should not" occur as the maximal pro-p Galois group of a field K.
